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Biometric Keystrokes



Scores for a standardized test that students in Poland are 
required to pass before moving on in school

See if you can guess the minimum score to pass the test.

8http://freakonomics.com/2011/07/07/another-case-of-teacher-cheating-or-is-it-just-altruism/comment-page-2/

Altruism?



Boolean Operation on Variable = Event

P (X  5)

P (Y = 6)

Recall:	any	boolean question	about	a	random	
variable	makes	for	an	event.	For	example:

P (5  Z  10)



Joint Random Variables

Use	a	joint	table,	density	function	or	CDF	to	
solve	probability	question

Use	and	find	independence of	random	variables

Think	about	conditional probabilities	with	
joint	variables	(which	might	be	continuous)

What	happens	when	you	add random	variables?



Four Prototypical Trajectories

Independence and Random Variables



• Two continuous random variables X and Y are 
called independent if:

P(X £ a, Y £ b) = P(X £ a) P(Y £ b)  for any a, b

• Equivalently:

• More generally, joint density factors separately:

babFaFbaF YXYX , allfor    )()(),(, =
babfafbaf YXYX , allfor    )()(),(, =
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Independent Continuous Variables



Four Prototypical Trajectories

Conditionals with multiple variables



Lunch | Year



P (X = x|Y = y) =
P (X = x, Y = y)

P (Y = y)

f

X|Y (x|y) · ✏x =
f

X|Y (x|y) · ✏x · ✏
y

fY (y) · ✏y

f

X|Y (x|y) =
f

X|Y (x|y)
fY (y)

Continuous Conditional Distributions
Let X and Y be continuous random variables

P (X = x|Y = y) =
P (X = x, Y = y)

P (Y = y)

f

X|Y (x|y) · ✏x =
fX,Y (x, y) · ✏x · ✏

y

fY (y) · ✏y

f

X|Y (x|y) =
fX,Y (x, y)

fY (y)

P (X = x|Y = y) =
P (X = x, Y = y)

P (Y = y)

f

X|Y (x|y) · ✏x =
fX,Y (x, y) · ✏x · ✏

y

fY (y) · ✏y

f

X|Y (x|y) =
fX,Y (x, y)

fY (y)



Bayes with a mix
Let X be a continuous random variable

Let N be a discrete random variable

P (X = x|N = n) =
P (N = n|X = x)P (X = x)

P (N = n)

P

X|N (x|n) =
P

N|X (n|x)PX (x)

PN (n)

f

X|N (x|n) · ✏
x

=
P

N|X (n|x)fX (x) · ✏
x

PN (n)

f

X|N (x|n) =
P

N|X (n|x)fX (x)

PN (n)

P (X = x|N = n) =
P (N = n|X = x)P (X = x)

P (N = n)

P

X|N (x|n) =
P

N|X (n|x)PX (x)

PN (n)

f

X|N (x|n) · ✏
x

=
P

N|X (n|x)fX (x) · ✏
x

PN (n)

f

X|N (x|n) =
P

N|X (n|x)fX (x)

PN (n)

P (X = x|N = n) =
P (N = n|X = x)P (X = x)

P (N = n)

P

X|N (x|n) =
P

N|X (n|x)PX (x)

PN (n)

f

X|N (x|n) · ✏
x

=
P

N|X (n|x)fX (x) · ✏
x

PN (n)

f

X|N (x|n) =
P

N|X (n|x)fX (x)

PN (n)

P (X = x|N = n) =
P (N = n|X = x)P (X = x)

P (N = n)

P

X|N (x|n) =
P

N|X (n|x)PX (x)

PN (n)

f

X|N (x|n) · ✏
x

=
P

N|X (n|x)fX (x) · ✏
x

PN (n)

f

X|N (x|n) =
P

N|X (n|x)fX (x)

PN (n)



p

N|X (n|x) =
f

X|N (x|n)pN (n)

fX (x)

P (X = x|N = n) =
P (N = n|X = x)P (X = x)

P (N = n)

P

X|N (x|n) =
P

N|X (n|x)PX (x)

PN (n)

f

X|N (x|n) · ✏
x

=
P

N|X (n|x)fX (x) · ✏
x

PN (n)

f

X|N (x|n) =
P

N|X (n|x)fX (x)

PN (n)

All the Bayes Belong to Us

p
M|N (m|n) =

P
N|M (n|m)pM (m)

pN (n)

M,N	are	discrete.	X,	Y	are	continuous

f

X|Y (x|y) =
f

Y |X (y|x)fX (x)

fY (y)



• X and Y are continuous RVs with PDF:

§ Compute conditional density:
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Let’s Do an Example





Warmup: Bayes Revisited

P(B|E)   = 
P(E|B) P(B)

P(E)

Normalization constant



• X, Y follow a symmetric bivariate normal 
distribution if they have joint PDF: 

Warmup: Bivariate Normal

f

X,Y

(x, y) =
1

2⇡�2
· e�

[(x�µ

x

)2+(y�µ

y

)2]

2·�2

Here is an example where:

µ
x

= 3

µ
y

= 3

� = 2

x

y

fX,Y (x, y)

fX,Y (x, y)

-5 53-5

5

3

3
3xy(top view)

(side view)



Tracking in 2D Space?



Tracking in 2D Space: Prior

f

X,Y

(x, y) = K · e�
[(x�3)2+(y�3)2]

8

f

X,Y

(x, y) =
1

2⇡�2
· e�

[(x�µ

x

)2+(y�µ

y

)2]

2·�2

x

y

fX,Y (x, y)

-5 53-5

5

3

Prior belief:

Prior belief with K:

µ
x

= 3

µ
y

= 3

� = 2



Tracking in 2D Space: Observation!
Observe a ping of the object that is distance D = 4 away!

Know that the distance of a ping is normal with respect to the true 
distance 

p
x

2 + y

2 = 4 µ = actual distance 

σ = 1



Tracking in 2D Space: Observation!
Observe a ping of the object that is distance D = 4 away!

Know that the distance of a ping is normal with respect to the true 
distance. What is the PDF of D? 

µ = actual distance 

σ = 1

D|X,Y ⇠ N(µ =
p

x

2 + y

2
,�

2 = 1)



p
x

2 + y

2 = 4

Tracking in 2D Space: New Belief

What is your new belief for the location of the object being tracked? 
Your joint probability density function can be expressed with a constant

µ = actual distance 

σ = 1

x

y

-5 53-5

5

3

(top view)

Prior

Observation

f(D = d|X = x, Y = y) = K · e�[d�
p

x

2+y

2]2

f(X = x, Y = y) = K · e�
[(x�3)2+(y�3)2]

8
1

2 2



Tracking in 2D Space: New Belief

For your notes…

f(X = x, Y = y|D = 4) =
f(D = 4|X = x, Y = y) · f(X = x, Y = y)

f(D = 4)

=
K1 · e�

[4�
p

x

2+y

2)2]
2 ·K2 · e�

[(x�3)2+(y�3)2]
8

f(D = 4)

=
K3 · e�

⇥
[4�

p
x

2+y

2)2]
2 + [(x�3)2+(y�3)2]

8

⇤

f(D = 4)

= K4 · e�
⇥

(4�
p

x

2+y

2)2

2 + [(x�3)2+(y�3)2]
8

⇤



Tracking in 2D Space: Posterior

f

X,Y |D (x, y|4) = K · e�[(4�
p

x

2+y

2)2+ (x�3)2+(y�3)2

8 ]

f(X = x, Y = y|D = 4) =
f(D = 4|X = x, Y = y) · f(X = x, Y = y)

f(D = 4)

=
K1 · e�

[4�
p

x

2+y

2)2]
2 ·K2 · e�

[(x�3)2+(y�3)2]
8

f(D = 4)

=
K3 · e�

⇥
[4�

p
x

2+y

2)2]
2 + [(x�3)2+(y�3)2]

8

⇤

f(D = 4)

= K4 · e�
⇥

4�
p

x

2+y

2)2

2 + [(x�3)2+(y�3)2]
8

⇤
(



Tracking in 2D Space: Posterior

x

y

-5 5
-5

5

(top view)

Prior Posterior

(top view) x

y

-5 5
-5

5
fX,Y

f
X,Y |D



Tracking in 2D Space: CS221



Four Prototypical Trajectories

What happens when you add random 
variables?



• Let X and Y be independent random variables
§ X ~ Bin(n1, p) and  Y ~ Bin(n2, p) 
§ X + Y ~ Bin(n1 + n2, p)

• Intuition:
§ X has n1 trials and Y has n2 trials

o Each trial has same “success” probability p

§ Define Z to be n1 + n2 trials, each with success prob. p
§ Z ~ Bin(n1 + n2, p), and also Z = X + Y

Sum of Independent Binomials



Sum of Independent Poissons

(a+ b)n =
nX

k=0

✓
n

k

◆
akbn�k



• Let X and Y be independent random variables
§ X ~ Poi(l1)  and  Y ~ Poi(l2)
§ X + Y ~ Poi(l1 + l2) 

• Proof: (just for reference)

§ Rewrite (X + Y = n) as (X = k, Y = n – k) where 0 £ k £ n

§ Noting Binomial theorem: 

§ so, X + Y = n ~ Poi(l1 + l2)
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Sum of Independent Poissons



• Let X and Y be independent Binomial RVs
§ X ~ Bin(n1, p) and  Y ~ Bin(n2, p) 
§ X + Y ~ Bin(n1 + n2, p)
§ More generally, let Xi ~ Bin(ni, p) for 1 ≤ i ≤ N, then

• Let X and Y be independent Poisson RVs
§ X ~ Poi(l1)  and  Y ~ Poi(l2)
§ X + Y ~ Poi(l1 + l2) 
§ More generally, let Xi ~ Poi(li) for 1 ≤ i ≤ N, then

÷
ø

ö
ç
è

æ
÷
ø

ö
ç
è

æ åå
==

pnX
N

i
i

N

i
i   ,Bin~

11

÷
ø

ö
ç
è

æ
÷
ø

ö
ç
è

æ åå
==

N

i
i

N

i
iX

11
Poi~ l

Reference: Sum of Independent RVs



Four Prototypical Trajectories

If only it were always that simple



We talked about sum of Binomial and Poisson…who’s 
missing from this party? 

Uniform. 

CON

Convolution of Probability Distributions



Four Prototypical Trajectories

Summation: not just for the 1%



• Let X and Y be independent random variables

§ Probability Density Function (PDF) of X + Y, analogous:

§ In discrete case, replace    with     , and f(y) with p(y)
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Dance, Dance Convolution



Integration with Constraint
ZZ

x

2+y

2
<1

f

x,y

dy dx =

1Z

�1

p
1�y

2Z

�
p

1�y

2

f

x,y

dy dx

1

-1



• Let X and Y be independent random variables

§ Cumulative Distribution Function (CDF) of X + Y:

§ In discrete case, replace    with     , and f(y) with p(y)
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• Let X and Y be independent random variables
§ X ~ Uni(0, 1)  and  Y ~ Uni(0, 1)  à f(x) = 1 for 0 £ x £ 1

Sum of Independent Uniforms

1

1
f(x)

For both X and Y



• Let X and Y be independent random variables
§ X ~ Uni(0, 1)  and  Y ~ Uni(0, 1)  à f(x) = 1 for 0 £ x £ 1
§ What is PDF of X + Y?

òò
==

+ -=-=
1

0

1

0

 )( )( )()(
y

X
y

YXYX dyyafdyyfyafaf

Sum of Independent Uniforms

fX+Y (0.5) =

Z y=?

y=?
fX(0.5� y)dy

=

Z 0.5

0
fX(0.5� y)dy

=

Z 0.5

0
1dy

= 0.5

When a = 0.5:
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• Let X and Y be independent random variables
§ X ~ Uni(0, 1)  and  Y ~ Uni(0, 1)  à f(x) = 1 for 0 £ x £ 1
§ What is PDF of X + Y?
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Sum of Independent Uniforms

When a = 1.5:

a
21

1

)(af YX +fX+Y (1.5) =

Z y=?

y=?
fX(1.5� y)dy

=

Z 1

0.5
fX(1.5� y)dy

=

Z 1

0.5
1dy

= 0.5



• Let X and Y be independent random variables
§ X ~ Uni(0, 1)  and  Y ~ Uni(0, 1)  à f(x) = 1 for 0 £ x £ 1
§ What is PDF of X + Y?
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Sum of Independent Uniforms

When a = 1:

a
21

1

)(af YX +fX+Y (1) =

Z y=?

y=?
fX(1� y)dy

=

Z 1

0
fX(1� y)dy

=

Z 1

0
1dy

= 1



• Let X and Y be independent random variables
§ X ~ Uni(0, 1)  and  Y ~ Uni(0, 1)  à f(x) = 1 for 0 £ x £ 1
§ What is PDF of X + Y?

§ When 0 £ a £ 1 and 0 £ y £ a, 0 £ a–y £ 1 à fX(a – y) = 1

§ When 1 £ a £ 2 and a–1 £ y £ 1, 0 £ a–y £ 1 à fX(a – y) = 1

§ Combining:
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• Let X and Y be independent random variables
§ X ~ N(µ1, s12)  and  Y ~ N(µ2, s22)
§ X + Y ~ N(µ1 + µ2, s12 + s22) 

• Generally, have n independent random variables     
Xi ~ N(µi, si

2)  for  i = 1, 2, ..., n:
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• Say you are working with the WHO to plan a 
response to a the initial conditions of a virus:
§ Two exposed groups
§ P1: 50 people, each independently infected with p = 0.1
§ P2: 100 people, each independently infected with p = 0.4
§ Question: Probability of more than 40 infections?

Virus Infections

Sanity check: Should we use the 
Binomial Sum-of-RVs shortcut?
A. YES!
B. NO!
C. Other/none/more



• Say you are working with the WHO to plan a 
response to a the initial conditions of a virus:
§ Two exposed groups
§ P1: 50 people, each independently infected with p = 0.1
§ P2: 100 people, each independently infected with p = 0.4
§ A = # infected in P1 A ~ Bin(50, 0.1)   » X ~ N(5, 4.5)
§ B = # infected in P2 B ~ Bin(100, 0.4) » Y ~ N(40, 24)
§ What is P(≥ 40 people infected)?
§ P(A + B ≥ 40) » P(X + Y ≥ 39.5)
§ X + Y = W ~ N(5 + 40 = 45, 4.5 + 24 = 28.5)

8485.0)03.1(1
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5.28
45)5.39( »-F-=÷
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WPWP

Virus Infections



Linear Transform
X ⇠ N(µ,�2)

Y ⇠ N(2µ, 4�2)

Y = X +X = 2 ·X

Y = X +X = 2 ·X

X +X ⇠ N(µ+ µ,�2 + �2)

Y ⇠ N(2µ, 2�2)



Four Prototypical Trajectories

End sum of independent vars


